Abstract. We present an approximate converse theorem which measures how close a given set of irreducible admissible unramified unitary generic local representations of GLpnq is to a genuine cuspidal representation. To get a formula for the measure, we introduce a quasi-Maass form on the generalized upper half plane for a given set of local representations. We also construct an annihilating operator which enables us to write down an explicit cuspidal automorphic function.
Introduction
The spectral theory of non-holomorphic automorphic forms for the Poincaré upper half plane H 2 " tz P C | Impzq ą 0u began with Maass in 1949. It is a highly non-trivial problem to show that there exist infinitely many Maass forms of the Laplacian for L 2 pSLp2, ZqzH 2 q. The existence of infinitely many Maass forms for SLp2, Zq was first proved by Selberg [20] in 1956. He introduced the trace formula as a tool to obtain Weyl's law, which gives an asymptotic count for the number of Maass forms with Laplacian eigenvalue |λ| ď X as X Ñ 8. Selberg's method was extended by Miller [18] to obtain Weyl's law for Maass forms for SLp3, Zq. In 2004, Müller [19] further extended Selberg's method to obtain Weyl's law for Maass forms for the congruence subgroups Γ ă SLpn, Zq, n ě 2.
Up to now, no one has found a single explicit example of a Maass form for SLpn, Zq, with n ě 2, although Maass [16] discovered some examples for congruence subgroups Γ ă SLp2, Zq of finite index by using Hecke L-functions. In the 1970's a number of authors considered the problem of computing Maass forms for SLp2, Zq numerically. The first notable algorithms for computing Maass forms on SLp2, ZqzH 2 are due to Stark [21] and Hejhal [9] . In 2006, Booker, Strömbergsson and Venkatesh [3] computed the Laplace and many Hecke eigenvalues for the first few Maass forms on P SLp2, ZqzH 2 to over 1000 decimal places, based on Hejhal's algorithm. Moreover, they suggested a method of how to check the numerical computation rigorously and verified that Laplacian eigenvalues were correct up to 100 decimal places.
Recently, Lindenstrauss and Venkatesh [13] obtained Weyl's law for spherical cusp forms on GpZqzGpRq{K 8 where G is a split semisimple group over Q and K 8 Ă G is the maximal compact subgroup. In the Appendix [13] , they explained a short constructive proof of the existence of cusp forms using Whittaker functions. This proof does not give Weyl's law, but it gives a very explicit method for constructing cuspidal functions, which was used in [3] . Moreover, this constructive method can be used to attack the following "approximate converse" problem suggested by Peter Sarnak, at the conference in 2008 on Analytic number theory in higher rank groups:
Given a positive number X, a set S of places and a representation π v of GLpn, Q v q for v P S, give an algorithm to determine whether or not there is a global automorphic representation σ whose analytic conductor is at most X and whose local component at v is within ǫ-distance from π v for each place v P S.
The main goal of this paper is to suggest the approximate converse theorem (Theorem 1.13) as an answer to this question for globally unramified cuspidal automorphic representations of GLpn, Aq where A denotes the ring of adeles over Q.
1.1.
Quasi-Maass forms and the annihilating operator. Let n ě 2 be an integer. For a place v ď 8, let π v be an irreducible admissible unramified unitary generic representation of Qv zGLpn, Q v q. Let Lps, π v q be the local L-function attached to π v . Then there is the associated Satake (or Langlands) parameter ℓ πv " pℓ πv,1 , . . . , ℓ πv,n q P C n with ℓ πv,1`¨¨¨`ℓπv,n " 0 such that for s P C.
For v " p a finite prime, we have For v " 8 the infinity prime, we have the Whittaker function W J pz; ℓ π8 ,˘1q of type ℓ π8 in (2.14) for z P H n -SLpn, Rq{SOpn, Rq, the generalized upper half plane. It is a solution of differential equations given by Casimir operators C pjq n in (2.5) with eigenvalues λ pjq 8 pℓ π8 q P C for j " 1, . . . , n´1 in (2.7). The Casimir operators generate the center of the universal enveloping algebra of the Lie algebra of GLpn, Rq. In particular ∆ n "´C p1q n denotes the Laplacian and λ n pℓ π8 q :"´λ p1q 8 pℓ π8 q " n`1 12´1 npn´1q`ℓ 2 π8,1`¨¨¨`ℓ 2 π8,nȋ s the corresponding eigenvalue. The Whittaker functions were constructed by Jacquet [11] .
The goal of this paper is to suggest a method to compare a set of local representations and a global cuspidal representation. In order to compare sets of local representations, we should define a "distance" between them. Roughly speaking, the "distance" can be defined by the difference between the coefficients of local L-functions.
For M a set of places of Q (including 8), let
where each π v is an irreducible admissible unitary unramified generic representation of Qv zGLpn, Q v q. for π v P Π M and π
We use the quasi-mode construction [3] for a given set of local representations Π M to construct an automorphic function.
For any non-negative integers k 1 , . . . , k n´1 , let S k 1 ,...,k n´1 px 1 , . . . , x n q be a Schur polynomial as in (2.17) . For π p P Π M for a prime p, define
, . . . , p´ℓ πp,n q. For any positive integers m 1 , . . . , m n´1 , we construct A Π M pm 1 , . . . , m n´1 q satisfying By combining W J p˚; ℓ π8 ,˘1q, the Whittaker function of type ℓ π8 , and complex numbers A Π M pm 1 , . . . , m n´1 q for m 1 , . . . , m n´1 P Z, we construct a function for z P H n , which is essentially a Whittaker-Fourier expansion. Definition 1.5 (Quasi-Maass form). Let M be a set of places over Q including 8. For z P H n , define
A quasi-Maass form F Π M is a function on H n which lies in the restricted tensor product of local representations π v P Π M . By definition, we can easily observe that F Π M is an eigenfunction of the Casimir operators C pjq n with eigenvalues λ pjq 8 pℓ π8 q for π 8 P Π M , for j " 1, . . . , n´1. It is also an eigenfunction of the Hecke operators. In particular, for each p P M, the λ pjq p pℓ πp q for π p P Π M are eigenvalues of F Π M of Hecke operators T pjq p for j " 1, . . . , t n 2 u given in Definition 2.19. A Hecke-Maass form is a smooth function in L 2 pSLpn, ZqzH n q which is an eigenfunction of the Casimir operators and the Hecke operators simultaneously. Every Hecke-Maass form is a quasi-Maass form but not vice versa. For an arbitrary set of local representations, the quasiMaass form usually is not automorphic for SLpn, Zq. Fix a fundamental domain F n -SLpn, ZqzH n (described in Remark 2.27), and define the automorphic lifting of the quasi-Maass form as follows.
Definition 1.7 (Automorphic lifting). Define an automorphic lifting
for any z P H n and a unique γ P SLpn, Zq such that γz P F n .
Let
The function r F Π M is automorphic for SLpn, Zq and square-integrable. But it is neither smooth nor cuspidal in general. To construct a cuspidal function from r F Π M , we use an operator whose image is cuspidal, defined in [13] .
The approach in [13] is based on the observation that there are strong relations between the spectrum of the Eisenstein series at different places. From this observation, a convolution operator was constructed, which annihilates the spectrum of the Eisenstein series. So the image of the operator is purely cuspidal. This convolution operator was used to obtain Weyl's law [13] and also was used to give a short and elementary proof which shows the existence of infinitely many Maass forms.
For P SLp2, ZqzH 2 , this operator was given explicitly in [13] and it was used in [3] to check the numerical computation rigorously. For n ě 3, although the operator was defined in a more general case, it is quite complicated and it is not easy to describe this operator explicitly. In this paper, we give an explicit construction of the convolution operator whose image is purely cuspidal. The construction goes as follows.
Fix a prime p. For j " 1, 2, set ℓ j " pℓ j,1 , . . . , ℓ j,n q P C n , ℓ j,1`¨¨¨l j,n " 0. Let
In Lemma 2.22, we use a Paley-Wiener type theorem [10] for p 6 n p and define the annihilating operator 6 n p to be a certain polynomial in convolution operators and Hecke operators at a prime p. Then quasi-Maass forms are eigenfunctions of the operator 6 n p . For a given set of local representation Π M , we have 6
As in [13] , we prove the following theorem. Theorem 1.10. The space of the image of the annihilating operator 6 n p on smooth functions in L 2 pSLpn, ZqzH n q is cuspidal and infinite dimensional. So there are infinitely many Hecke-Maass forms in L 2 pSLpn, ZqzH n q which are not self-dual.
We apply the annihilating operator 6 n p to r F Π M to construct a nontrivial cuspidal function. Since 6 n p is a polynomial in convolution operators associated to some compactly supported distributions, we need to make the function r F Π M to be smooth. For any g P SLpn, Rq, by Polar decomposition, there exist ξ 1 , ξ 2 P SOpn, Rq and pa 1 , . . . , a n q P R n , a 1`¨¨¨`an " 0 such that g "
. . . e an˙ξ 2 . As in [12] , we define a polar height σpgq ě 0 to be
n , for any g P SLpn, Rq.
Then σpg´1q " σpgq and σpg 1 g 2 q ď σpg 1 q`σpg 2 q for any g 1 , g 2 P SLpn, Rq. For any δ ą 0, define 
there exists an unramified cuspidal representation π of AˆzGLpn, Aq such that
where
and
Here q max " max pS´t8uq.
Remark 1.15.
(1) If the right hand side of (1.14) is sufficiently small for sufficiently large S, then by Remark 8 [4] , the genuine cuspidal representation π can be uniquely determined. There are two important ingredients in the proof of Theorem 1.13: the annihilating operator 6 n p and the spectral decomposition of L 2 pSLpn, ZqzH n q. For a given set of local representations Π M , we can construct a cuspidal function explicitly, by applying 6 n p to the automorphic lifting of a quasi-Maass form F Π M . The procedure is described in the previous section. Since the function is cuspidal, it is generated by Hecke-Maass forms for SLpn, Zq. We can get (1.14) by applying the Casimir operators and Hecke operators and compare the eigenvalues.
One could try to generalize this theorem by relaxing the globally unramified condition.
Another particular question attracts our attention. How close can a given positive real number get to a Laplace eigenvalue of an actual Maass form? The following is a sample case of Theorem 1.13, which can be regarded as an answer to this question. Theorem 1.16. Let M be a set of places of Q including 8 properly. Assume that p 6 n p pℓ π8 , ℓ πp q ‰ 0 for at least one prime p P M and π 8 , π p P Π M . Then the Laplace eigenvalue λ n pℓ π8 q P C of F Π M satisfies the following: for any 0 ă δ ď lnˆn pn`6q 8´ř n j"1ˇℓ π8,j`n´2
there exists an eigenvalue λ of the Laplacian of a Maass form for SLpn, Zq such that
We choose a "good" bump function H δ to prove this theorem. Recently, Booker and his student Bian computed the Laplace and Hecke eigenvalues for Maass forms on SLp3, ZqzH 3 [1] , [2] . Moreover, Mezhericher presented an algorithm for evaluating a (quasi-) Maass form for SLp3, Zq in his thesis [17] . We expect that we might use the approximate converse theorem to certify Bian's computations.
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Quasi-Maass forms and the Annihilating operator
We review basic facts about the Hecke-Maass forms in the first two sections. The main reference is [6] .
In the introduction, we define quasi-Maass forms corresponding to the given set of local representations. By applying the annihilating operator 6 n p , it is possible to write down a cuspidal function explicitly. We study about the quasi-Maass forms and the annihilating operator in §2.3.
Preliminaries. Let n ě 2 be an integer. Let
is isomorphic to the Lie algebra of A 0 pn, Rq. For each a " pa 1 , . . . , a n q P apnq, define exp a "¨e 
Define the generalized upper half plane H n to be a set of matrices z " xy P SLpn, Rq such that
for y 1 , . . . , y n´1 ą 0. By the Iwasawa decomposition, any g P SLpn, Rq can be written uniquely as g " xyξ with x P Npn, Rq, y P A 0 pn, Rq and ξ P SOpn, Rq. So the generalized upper half plane H n can be identified with the quotient SLpn, Rq{SOpn, Rq.
Define Iw Y pgq P apnq to be
Lemma 2.4. For any g P SLpn, Rq, let a y 1 ,...,y n´1 " exppIw Y pgqq for y 1 , . . . , y n´1 ą 0. Then we have e´2 σpgq ď y 1 ď e 2σpgq and e´4 σpgq ď y j ď e 4σpgq , (for j " 2, . . . , n´1).
Proof of Lemma 2.4. By the Iwasawa decomposition and the polar decomposition, we have
for pa 1 , . . . , a n q P apnq, where z " xa y 1 ,...,y n´1 P H n for x P Npn, Rq and
pn´jq n j and y
Comparing the diagonal parts, we have
since σpg´1q " σpgq. Therefore we have
for j " 1, . . . , n´1.
Let a˚pnq " tα " pα 1 , . . . , α n q P R n | α 1`¨¨¨`αn " 0u be the dual space of apnq and aCpnq " a˚pnq b R C. For α, α 1 P apnq or aCpnq, let
then , is a (complex) symmetric bilinear form and it is positive definite on a˚pnq. For α P a˚pnq, we put ||α|| " a α, α . Let W n denote the Weyl group of pRˆX SLpn, RqqzSLpn, Rq, consisting of all nˆn matrices in SLpn, Zq X SOpn, Rq which have exactly one˘1 in each row and column. The Weyl group W n acts on apnq and aCpnq as a permutation group.
Let glpn, Rq be the Lie algebra of GLpn, Rq with the Lie bracket r, s given by rX, Y s " XY´Y X for X, Y P glpn, Rq. The universal enveloping algebra of glpn, Cq " glpn, Rq b R C can be realized as an algebra of differential operators D X acting on smooth functions f : GLpn, Rq Ñ C. The action is given by
. For 1 ď i, j ď n, let E i,j P glpn, Rq be the matrix with 1 at the pi, jqth entry and 0 elsewhere. Let D i,j " D E i,j for 1 ď i, j ď n. For j " 1, . . . , n´1, we define Casimir operators C pjq n given by
where˝is the composition of differential operators. Let ∆ n :"´C p1q n be the Laplace operator. Let Z n be the center of the universal enveloping algebra of glpn, Rq. It is well known that
There is a standard procedure to construct simultaneous eigenfunctions of all differential operators of D P Z n . For ℓ " pℓ 1 , . . . , ℓ n q P aCpnq, define
where exp pIw Y pgqq " a y 1 ,...,y n´1 for g P SLpn, Rq. Then ϕ ℓ is a simultaneous eigenfunction of Z n . For j " 1, . . . , n´1, define λ pjq 8 pℓq P C to be the eigenvalue of C pjq n for ϕ ℓ , such that
Lemma 2.8. Let n ě 2 and ℓ " pℓ 1 , . . . , ℓ n q P aCpnq. The Laplace eigenvalue is
Proof of Lemma 2.8. For any y P A 0 pn, Rq, consider ∆ n ϕ ℓ pyq. Then
For any x P Npn, Rq, we have ϕ ℓ pyxq " ϕ ℓ pyq. So D j,i ϕ ℓ pyq " 0 for 1 ď i ă j ď n. For 1 ď i ă j ď n, we have
For ℓ P aCpnq, we define the spherical function of type ℓ:
for g P SLpn, Rq. Here dξ is the normalized Haar measrue dξ on SOpn, Rq. Then the spherical function β ℓ satisfies the followings:
‚ β ℓ pξ 1 gξ 2 q " β ℓ pgq for any ξ 1 , ξ 2 P SOpn, Rq ‚ β ℓ is an eigenfunction of the Casimir operators C pjq n with an eigenvalue λ pjq 8 pℓq for j " 1, . . . , n´1
We identify L 2 pSLpn, ZqzH n q with the right SOpn, Rq-invariant subspace of L 2 pSLpn, ZqzSLpn, Rqq. If k is a bi-SOpn, Rq-invariant compactly supported smooth function on SLpn, Rq, it gives rise to a convolution operator f Ñ f˚k on L 2 pSLpn, ZqzH n q given by
More generally, one can consider convolution with compactly supported distributions instead of functions. In this case, the convolution operator is well defined only on suitable smooth functions f , for example on C 8 pSLpn, ZqzH n q. Let k be a bi-SOpn, Rq-invariant compactly supported smooth function on SLpn, Rq. For any ℓ P aCpnq, the spherical function β ℓ is an eigenfunction of the corresponding convolution operator. The spherical transform p kpℓq P C is defined to be the corresponding eigenvalue:
for g P SLpn, Rq. The inverse of the spherical transform is given explicitly in terms of the Plancherel measure µ Planch on aCpnq by kpgq "
2.2. Automorphic functions. The group SLpn, Zq acts on H n discretely. Fix a, b ě 0. We define the Siegel set Σ a,b Ă H n to be the set of all matrices of the form
with |x i,j | ď b for 1 ď i ă j ď n and
is a good approximation of a fundamental domain:
. An automorphic function for SLpn, Zq is a function f : H n Ñ C such that f pγzq " f pzq for any γ P SLpn, Zq and z P H n . Consider L 2 pSLpn, ZqzH n q to be the space of automorphic functions f :
where d˚z " d˚x d˚y is the left invariant GLpn, Rq-measure on H n . Here
Let R be a commutative ring with identity 1. For positive integers n ě 2 and 1 ď n 1 , . . . , n r ď n with n 1`¨¨¨`nr " n, define P n 1 ,...,nr pn, Rq :"
/ -to be the standard parabolic subgroup of SLpn, Rq associated to pn 1 , . . . , n r q. The integer r is termed the rank of the parabolic subgroup P n 1 ,...,nr pn, Rq. Define M n 1 ,...,nr pn, Rq :"
/ -to be the standard Levi subgroup of P n 1 ,...,nr pn, Rq. Define
. .
/ -where I k is the kˆk identity matrix for an integer k ě 1, to be the unipotent radical of P n 1 ,...,nr pn, Rq.
The automorphic function f for SLpn, Zq is cuspidal if ż pSLpn,ZqXNn 1 ,...,nr pn,ZqqzNn 1 ,...,nr pn,Rq f puzq d˚u " 0 for any partition n 1`¨¨¨`nr " n and r ě 1. Let L 2 cusp pSLpn, ZqzH n q denote the space of automorphic cuspidal functions in L 2 pSLpn, ZqzH n q. For each positive integer N ě 1, define
Let f : H n Ñ C be a function. For each integer N ě 1, we define a Hecke operator
For n " 2, the Hecke operators are self-adjoint with respect to the inner product. For n ě 3, the Hecke operator is no longer self-adjoint, but the adjoint operator is again a Hecke operator and the Hecke operator commutes with its adjoint, so it is a normal operator.
If a smooth function f P L cusp pSLpn, ZqzH n q is a simultaneous eigenfunction of Casimir operators C
πipǫ¨u 1,2´u2,3´¨¨¨´un´1,n q d˚u.
to be Jacquet's Whittaker function of type ℓ. Then
1¸P
Npn, Rq, we have W J puz; ℓ, ǫq " e 2πip´ǫ¨u 1,2`u2,3`¨¨¨`un´1,n q¨W J pz; ℓ, ǫq for any z P H n . Moreover, ż
|W pz; ℓ, ǫq| 2 d˚z ă 8.
By (9.1.2) [6] , every Hecke-Maass form f has a Fourier-Whittaker expansion of the form
where A f pm 1 , . . . , m n´1 q P C. We assume that A f p1, . . . , 1q " 1. Then T N f " A f pN, 1, . . . , 1q¨f for any integer N ě 1 and A f pm 1 , . . . , m n´1 q satisfies the following (multiplicative) relation [6] : for pm 1 , . . . , m n´1 q P Z n´1 , and an integer m ě 1, we have
nd here c 1 , . . . , c n ą 0. Since Hecke operators are normal, we have
For any non-negative integers k 1 , . . . , k n´1 , let
be a Schur polynomial. Since f is an eigenfunction of Hecke operators, there exist ℓ p pf q " pℓ p,1 pf q, . . . , ℓ p,n pfP aCpnq for any finite prime p, such that
Definition 2.19. Let n ě 2 be an integer and fix a prime p. For j " 1, . . . , n´1, define
where T p1q p r " T p r for any integer r ě 0 and T p0q p is an identity operator.
By the multiplicative relations (2.16), we have
for any prime p. Then
for j " 1, . . . , n´1. Let n ě 2 be an integer. If a Maass form f satisfies f pzq " r f pzq :" f`w¨tpz´1q¨w˘, w "¨p´1
2.3. Quasi-Maass forms and the annihilating operator. Let M be a set of places over Q including 8 and Π M be a set of local representations as given in the introduction. We construct a quasi-Maass form
To define the automorphic lifting of quasi-Maass forms, we fix a fundamental domain for SLpn, ZqzH n . We define F n to be the susbset of the Siegel set Σ , which contains Σ 1,
, satisfying:
‚ for any z P H n , there exists γ P SLpn, Zq such that γz P F n ; ‚ for any z P F n , γz R F n for any I n ‰ γ P SLpn, Zq where I n is the nˆn identity matrix. Then F n becomes a fundamental domain for SLpn, Zq. In Definition 1.7, we defined the automorphic lifting r F Π M of a quasiMaass form F Π M with respect to the fixed fundamental domain F n and r F Π M P L 2 pSLpn, ZqzH n q. We get a smooth automorphic lifting of a quasi-Maass form F Π M defined via r F Π M˚κ for any nonzero smooth compactly supported biSOpn, Rq-invariant function κ on SLpn, Rq. For δ ą 0, if a smooth compactly supported bi-SOpn, Rq-invariant function H δ satisfies the following conditions:
‚ supppHq Ă B δ ; ‚ H δ pgq " H δ pg´1q for any g P SLpn, Rq ; ‚ H δ pgq ě 0 ; ‚ ş SLpn,Rq H δ pgq dg " 1 then it is called the standard bump function. By Lemma 2.4, for z P Σ e 4δ , we have r
By the following lemma, it is always possible to choose δ ą 0 such that r F Π M˚H δ is non-trivial.
Lemma 2.20. For any ℓ " pℓ 1 , . . . , ℓ n q P aCpnq satisfying |Repℓ j q| ă 1 2 , let
for δ ą 0, where λ n pℓq is the eigenvalue of the Laplacian ∆ n for ϕ ℓ as in Lemma 2.8.
Choose δ ą 0 such that LB δ pℓq ą 0. Theňˇˇp
Proof of Lemma 2.20. For ℓ P aCpnq, we havěˇˇp
So,ˇˇˇp
For g P SLpn, Rq we have exppIw Y pgqq " py 1 1 , . . . , y 1 n q P apnq and ϕ ℓ pgq " e p ř n j"1 pℓj`n´2 j`1 2 q¨ln y 1 j q . For any a, b P R, we have e a`ib´1 " pa`ibq ş e 1 x a`ib´1 dx. So
By Lemma 2.4, for g P B δ , we havé δ ď ln y 1 j ď δ, (for any j " 1, . . . , n) .
So,ˇˇˇˇˇn
by Cauchy-Schwartz inequality. Since |Repℓ j q| ă pn`6q˜n
Since π 8 is irreducible admissible unramified unitary generic representation of RˆzGLpn, Rq, we have |Repℓ π8,j q| ă for j " 1, . . . , n [7] .
Soˇˇp H δ pℓ π8 qˇˇą 1 2 and r F Π M˚H δ is a non-trivial, smooth automorphic function on SLpn, ZqzH n . In (1.9), we defined p 6 n p pℓ 1 , ℓ 2 q for ℓ 1 , ℓ 2 P aCpnq. In the following lemma, we apply a Paley-Wiener type theorem to p 6 n p and construct the annihilating operator 6 n p explicitly as a polynomial in convolution operators and in Hecke operators. Lemma 2.22. Let n ě 2 be an integer and fix a prime p. There exists an operator denoted 6 n p , which is a polynomial in convolution operators (associated to some compactly supported bi-SOpn, Rq-distributions) and in Hecke operators at p, satisfying
Here f is a smooth function on H n which is an eigenfunction of Z n of type ℓ 8 pf q and also an eigenfunction of Hecke operators at p, with eigenvalues as in (2.18) for ℓ p pf q.
Remark 2.23. Before proving Lemma 2.22, we give an example of 6 n p for the cases n " 2 and n " 3.
(i) For n " 2, we have
where L κ is the convolution operator associated to the distribution κ such that p κpℓq " p ℓ 1`p ℓ 2 for any ℓ " pℓ 1 , ℓ 2 q P aCp2q. This operator satisfies 6 2 p " ℵ˝ℵ for the operator ℵ constructed in §2, [13] .
(ii) Let n " 3. For j " 1, 2, 3, define the compactly supported biSOp3, Rq-distributions κ˘j such that
κ´1pℓq, z κ 3 pℓq "´p κ 2 pℓq¨p κ 1 pℓq, and y κ´3pℓq "´y κ´2pℓq¨y κ´1pℓq, for any ℓ " pℓ 1 , ℓ 2 , ℓ 3 q P aCp3q. Then
Proof of Lemma 2.22. Let W n be the Weyl group of SLpn, Rq. For any w 1 , w 2 P W n , we have p 6 n p pw 1 .ℓ 1 , w 2 .ℓ 2 q " p 6 n p pℓ 1 , ℓ 2 q, and p 6 n p pℓ 1 , ℓ 2 q is holomorphic in ℓ 1 , ℓ 2 P aCpnq.
, consider homogeneous degree k¨r symmetric polynomials B r,k in n variables, defined by
for any α " pα 1 , . . . , α n q P aCpnq. By [6] , Hecke eigenvalues can be described in Schur polynomials in n variables, and they are a linear basis for the space of homogeneous symmetric polynomials in n variables. So B r,k pαq is an eigenvalue of a linear combination of Hecke operators at p. By using an analogous of the Paley-Wiener theorem [10] for distributions, we show that there exist compactly supported bi-SOpn, Rqinvariant distributions whose spherical transform is B r,k pαq.
u, define homogeneous symmetric polynomials a j,k and b j,k by ź
for ℓ 1 " pℓ 1,1 , . . . , ℓ 1,n q, ℓ 2 " pℓ 2,1 , . . . , ℓ 2,n q P aCpnq and some positive integer r d k pnq. Then a j,k pℓ 1 q is a polynomial in B r,k pℓ 1 q. By symmetry, b j,k pℓ 2 q is also a polynomial in B r,k pℓ 2 q. So, there exist compactly supported bi-SOpn, Rq-invariant distributions κ pkq j whose spherical transform is a j,k pℓ 1 q. For each 1 ď k ď t Since we use distributions to define the annihilating operator 6 n p , the operator is well defined in the space of smooth functions. For δ ą 0, let H δ be a standard bump function and we define the operator 6 n p H δ to be 6 n p H δ f " 6 n p pf˚H δ q for a function f : H n Ñ C which makes the integral convergent. Then z 6 n p H δ pℓ 1 , ℓ 2 q " p 6 n p pℓ 1 , ℓ 2 q¨p H δ pℓ 1 q, (for any ℓ 1 , ℓ 2 P aCpnq). By the Paley-Wiener Theorem [10] and Lemma 2.22, the operator 6 n p H δ is a polynomial in convolution operators (associated to bi-SOpn, Rqinvariant, compactly supported smooth functions), and in Hecke operators at the prime p. Lemma 2.25. Let M be a set of places over Q including 8. Let F Π M be a quasi-Maass form for Π M and r F Π M be an automorphic lifting of F Π M . Assume that T ą 4p2 n´1 ln p`δq for a given δ ą 0. Then for any z P Σ e T , Lemma 2.25 . Let κ be a compactly supported function with support in B b " tz P H n | σpzq ď bu for some b ą 0. For t ą e 4b , for any z P Σ t , assume that σpzh´1q ď b for some h P SLpn, Rq. Let exp pIw Y pzqq " a y 1 ,...,y n´1 and exp pIw Y phqq " a v 1 ,...,v n´1 . Then, by Lemma 2.4, for j " 1, . . . , n´1, we have
So,
For integers c 1 , . . . , c n ě 1 and c i,j ě 0 for 1 ď i ă j ď n, and z P H n , we have¨c ln p}Repℓq} for any ℓ P aCpnq and the implied constant depends on n and k. So, the operator 6 n p H δ is a polynomial in Hecke operators and convolution operators associated with compactly supported functions which have support in B b for b ď 2 n´1 ln p`δ, by Paley-Wiener's theorem [10] .
Since Hecke operators are generated by left translations as in (2.26), and the largest possible c n is p 2 n´1 for 6 n p . Therefore, for any z P Σ e T for T ą 4p2 n´1 ln p`δq, we obtain
So if p 6 n p pℓ π8 , ℓ πp q ‰ 0, then 6 n p´r F Π M˚H δ¯p zq is non trivial for δ satisfying LB δ pℓ π8 q ą 0. By Theorem 1.10, we show that 6 n p´r F Π M˚H δ¯p zq is a smooth cuspidal automorphic function on SLpn, ZqzH n . We prove Theorem 1.10 in the next section.
Remark 2.27. By §2 in [8] , we get the following explicit description of the fundamental domain F n . Let n ě 2 be an integer and F n be the closure of the fundamental domain F n . (1) For n " 2, the closure of the fundamental domain F n is the set of (2) For n ą 2, the closure of the fundamental domain F n is the set of
. . , x n´1 P R and y 1 ą 0 satisfying the following conditions:
(ii) for any¨b
where exp pIw Y pz 1"´ś 
1¸.
(iii) |x j | ď 1 2 for j " 1, . . . , n´1.
2.4.
Proof of Theorem 1.10. As suggested in the Appendix [13] , we prove Theorem 1.10 for the annihilating operator 6 n p . Remark 2.28. Let ℓ 1 " pℓ 1,1 , . . . , ℓ 1,n q, ℓ 2 " pℓ 2,1 , . . . , ℓ 2,n q P aCpnq. By definition, we have p 6 n p pℓ 1 , ℓ 2 q " 0 whenever pℓ 1,i 1`¨¨¨`ℓ 1,ir q`pℓ 2,j 1`¨¨¨`ℓ 2,jr q " 0 for any 1 ď r ď n. By [13] , it can be proved that the image of the annihilating operator 6 n p is cuspidal. Here we give an explicit proof.
For
The Langlands spectral decomposition states that
where L 
Our goal is to show that 6 n p H δ f cont. " 6 n p H δ f resi. " 0, therefore 6 n p H δ f pzq " 6 n p H δ f cusp pzq. We should show that for any Eisenstein series E, 6 n p E " 0 for any prime p. Review some facts on Eisensteins series on SLpn, ZqzH n [6] . Let n ě 2 be an integer. For each partition n " n 1`¨¨¨`nr with rank 1 ď r ď n, we have the factorization P n 1 ,...,nr pn, Rq " N n 1 ,...,nr pn, Rq¨M n 1 ,...,nr pn, Rq .
It follows that for any g P P n 1 ,...,nr pn, Rq, we have g P N n 1 ,...,nr pn, Rq¨¨m
where m n i pgq P SLpn i , Rq for i " 1, . . . , r. Let n ě 2 be an integer and fix a partition n " n 1`¨¨¨`nr with 1 ď n 1 , . . . , n r ď n. For each i " 1, . . . r, let φ i be either a Maass form for SLpn i , ZqzH n i of type ℓ 8 pφ i q P aCpn i q or a constant with ℓ 8 pφ i q " p0, . . . , 0q. For t " pt 1 , . . . , t r q P C r with n 1 t 1`¨¨¨`nr t r " 0, define a function ϕ n 1 ,...,nr p¨; t; φ 1 , . . . , φ r q : P n 1 ,...,nr pn, Rq Ñ C by the formula ϕ n 1 ,...,nr pg; t; φ 1 , . . . , φ r q :"
for g P P n 1 ,...,nr pn, Rq. We can check that ϕ n 1 ,...,nr pg; t; φ 1 , . . . , φ r q " ϕ n 1 ,...,nr pz; t; φ 1 , . . . , φ r q for g " zξ with z P H n and ξ P SOpn, Rq. Define the Eisenstein series by the infinite series
Epzq " E n 1 ,...,nr pz; t; φ 1 , . . . , φ r q (2.29)
:" ÿ γPPn 1 ,...,nr pn,ZqXSLpn,ZqzSLpn,Zq ϕ n 1 ,...,nr pγz; t; φ 1 , . . . , φ r q for z P H n . Then the Eisenstein series E is an eigenfunction of Z n of type ℓ 8 pEq. The Eisenstein series is also an eigenfunction of Hecke operators with a parameter ℓ p pEq for any prime p, if φ 1 , . . . , φ r are Hecke eigenfunctions. The Eisenstein series are not contained in L 2 pSLpn, ZqzH n q, but they generate the continuous and residual spectrum in L 2 pSLpn, ZqzH n q. The following lemma shows that an Eisenstein series is controlled by few parameters for the archimedean.
Lemma 2.30. Let n ě 2 be an integer. Fix a partition n " n 1`¨¨¨`nr with 1 ď n 1 , . . . , n r ă n. For each i " 1, . . . , r, let φ i be either a HeckeMaass form for SLpn i , ZqzH n i of type ℓ 8 pφ i q P aCpn i q or a constant with ℓ 8 pφ i q " p0, . . . , 0q. Let t " pt 1 , . . . , n r q P C r with n 1 t 1`¨¨¨ǹ r t r " 0. Let Epzq :" E n 1 ,...,nr pz; t; φ 1 , . . . , φ r q be an Eisenstein series (2.29). Let η 1 " 0 and η i " n 1`¨¨¨`ni´1 for i " 2, . . . , r. Then for i " 1, . . . , r and η i`1 ď j ď η i`ni , we have
Proof of Lemma 2.30. By Proposition 10.9.1 [6] , the Eisenstein series Epzq is an eigenfunction of Casimir operators of type ℓ 8 pEq.
For an integer N ě 1, let A φ i pNq P C be the Hecke eigenvalue of T N for φ i for i " 1, . . . , r. Then by Proposition 10.9.3 [6] , the Eisenstein series Epzq is an eigenfunction of the Hecke operators T p k (for any k ě 0 and prime p) with eigenvalues
By using the multiplicative relations (2.16), we get the formula (2.31).
By the lemma above, for any Eisenstein series E, we have p 6 n p pℓ 8 pEq, ℓ p pEqq " 0 for any prime p. So 6 n p E " 0 for any prime p. Moreover, for any constant C P C, we have 6 n p C " 0 for any prime p. Since the invariant integral operators and Hecke operators preserve the space of cuspidal functions, we have 6
ZqzH n q is cuspidal. Assume that f is a self-dual Hecke-Maass form for SLpn, Zq. By definition, we get ℓ 8 pf q "´ℓ 8 pf q and ℓ p pf q "´ℓ p pf q for any prime p, up to permutation. So p 6 n p pℓ 8 pf q, ℓ p pf" 0 and 6 n p f " 0 for any prime p. Therefore the image of 6 n p H δ on L 2 pSLpn, ZqzH n q is generated by non self-dual Hecke-Maass forms.
We already show that the image of 6 n p H δ on L 2 pSLpn, ZqzH n q is nontrivial in Lemma 2.25. So it remains to prove that the image is infinite dimensional.
Take α 8 " pα 8,1 , . . . , α 8,n q, α p " pα p,1 , . . . , α p,n q P aCpnq such that p 6 n p pα 8 , α p q ‰ 0. Assume that Repα v,j q " 0 for 1 ď j ď n, for v " 8, p. Take 0 ă δ ď lnˆn pn`6q 8´ř n j"1ˇℓ π8,j`n´2 j`1 2ˇ¯´1`1˙, then we havěˇˇp
by Lemma 2.20. As in Definition 1.5, we construct a quasi-Maass form F for tα 8 , α p u such that Let T ą 4p2 n´1 ln p`δq. For any z P Σ e T , we havè for z P Σ e T . So in a similar manner, we deduce that there exists 1 ď j ď B such that u j pzq " 0 for z P Σ e T . This gives a contradiction. Therefore 6 n p U should be an infinite set. It follows that the image of 6 n p H δ on L 2 pSLpn, ZqzH n q is infinite dimensional.
3. Proof 3.1. Proof of Theorem 1.13. Let M be a set of places over Q including 8. For a given set of local representations Π M , we construct the quasi-Maass form F Π M pzq for Π M and its automorphic lifting r F Π M pzq with respect to the fixed fundamental domain F n as in Definition 1.5 and Definition 1.7 respectively. For each local representation π v P Π M , we have the Satake (or Langlands) parameter ℓ πv " pℓ πv,1 , . . . , ℓ πv,n q P aCpnq as in (1.1). By Lemma 2.20, for a given δ, the standard bump function H δ satisfiesˇˇp H δ pℓ π8 qˇˇą 1 2 . By Theorem 1.10, For ǫ ą 0, let
Assume that f is smooth and satisfies (3.2). Then
, .
-
We are going to construct a formula for ǫ satisfying
-ă ǫ.
Then by Lemma 3.1, there exists an unramified cuspidal representation
The following lemma gives the lower bound for ||H δ 6
Lemma 3.3. Let n ě 2 be an integer. For a cuspidal function f P L 2 pSLpn, ZqzH n q, for pm 1 , . . . , m n´1 q P Z n , let where y " a y 1 ,...,y n´1 P A 0 pn, Rq.
Proof of Lemma 3.3. We follow the argument in §5.3, [6] . For j " 1, . . . , n´1, let
where u 1,n´j`1 , . . . , u n´j,n´j`1 P R, I a is the aˆa identity matrix and 0 aˆb is an aˆb matrix with 0 for every entry.
Let z " xy P H n for x "˜1
Npn, Rq and y " a y 1 ,...,y n´1 P A 0 pn, Rq. Fix j " 1, . . . , n´1. For m 1 , . . . , m j P Z, define
where d˚u n´j`1 " ś n´j k"1 du k,n´j`1 . Then for j " n´1, we have Since the Siegel set Σ 1, 
where γ n´1 "´γ f pzqe
After continuing this process inductively for n´1 steps, we finally obtain ||f || Let T ą 4p2 n´1 ln p`δq. By Lemma 2.25, for any z P Σ e T , 1 2 Ă F n , we have
, we get for y " a y 1 ,...,y n´1 P A 0 pn, Rq. for any smooth function f P L 2 pSLpn, ZqzH n q.
Proof. Since 6 n p annihilates the continuous part, we should focus on the cuspidal functions. For any smooth cuspidal function f P L 2 pSLpn, ZqzH n q, we have f pzq " ř 8 j"1 f, u j u j pzq, where u j pzq are Hecke-Maass forms for SLpn, Zq and ||u j || For each j ě 1, let ℓ 1 :" ℓ 8 pu j q and ℓ 2 :" ℓ p pu j q. By [14] and [15], we have |Repℓ 1,i q| , |Repℓ 2,i q| ď 1 2´1 n 2`1 for i " 1, . . . , n. Then for any 1 ď j 1 ă¨¨¨ă j k and 1 ď i 1 ă¨¨¨ă i k for 1 ď k ď t . Lemma 3.6. Let n ě 2 be an integer. For δ ą 0 let H δ be the standard bump function. For any ℓ " pℓ 1 , . . . , ℓ n q P aCpnq with |Repℓ j q| ă δ , for any g P B δ .
The following lemma finally gives (1.14). for g P SLpn, Rq. Then H δ is a standard bump function.
For j " 1, . . . , n, let D j " D j,j . For g " ξ 1 exppaqξ 2 for ξ 1 , ξ 2 P SOp2, Rq and a " pa 1 , . . . , a n q P apnq with a 1 ą¨¨¨ą a n , by C δ¨V olpB δ q`|λ n pℓ π8 q| . (3.9) By applying (3.9) to Theorem 1.13, we prove Theorem 1.16.
